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Quantum criticality usually occurs in many-body systems. Recently it was shown that the quantum Rabi
model, which describes a two-level atom coupled to a single model cavity field, presents quantum phase transi-
tions from a normal phase to a superradiate phase when the ratio between the frequency of the two level atom
and the frequency of the cavity field extends to infinity. In this work, we study quantum phase transitions in the
quantum Rabi model from the fidelity susceptibility perspective. We found that the fidelity susceptibility and
the generalized adiabatic susceptibility present universal finite size scaling behaviors near the quantum critical
point of the Rabi model if the ratio between frequency of the two level atom and frequency of the cavity field is
finite. From the finite size scaling analysis of the fidelity susceptibility, we found that the adiabatic dimension
of the fidelity susceptibility and the generalized adiabatic susceptibility of fourth order in the Rabi model are
4/3 and 2, respectively. Meanwhile the correlation length critical exponent and the dynamical critical exponent
in the quantum critical point of the Rabi model are found to be 3/2 and 1/3 respectively. Since the fidelity sus-
ceptibility and the generalized adiabatic susceptibility are the moments of the quantum noise spectrum which is
directly measurable by experiments in linear response regime, the scaling behavior of the fidelity susceptibility
in the Rabi model could be tested experimentally. The simple structure of the quantum Rabi model paves the
way for experimentally observing the universal scaling behavior of the fidelity susceptibility at a quantum phase
transition.
PACS numbers: 05.30.Rt, 42.50.Pq, 03.67.-a
I. INTRODUCTION
Quantum criticality is one of the most intriguing phenom-
ena since it signals emergence of new states of matter [1].
However, to observe exotic features at quantum critical point,
one has to study systems in the thermodynamic limit involv-
ing a large number of system components, which put obsta-
cles both experimentally and theoretically [2]. Recently, it
was found that [3] the quantum Rabi model which consists
of a single model cavity field and a two level atom, presents
quantum phase transitions (QPT) from a normal phase to a su-
perradiant phase as the ratio η ≡ Ω/ω0 between the frequency
of the two level atom Ω and the frequency of the single mode
cavity ω0 extends to infinity. It has long been known that the
Dicke model, many atoms generalization of the Rabi model,
presents a QPT as the number of atoms N → ∞. Hwang and
Plenio [3] demonstrate that the Rabi model itself undergoes
a QPT with the same universal properties as that of the Dicke
model when the ratio η between the transition frequency of the
two level atom and the cavity frequency diverges. At the same
time the finite-frequency scaling exponents for η are identi-
cal to those for N. QPT in the Rabi model opens up a new
paradigm for studying phase transitions in the photonic sys-
tems [3, 4].
In recent decades, there is a great deal of interest in studying
quantum phase transitions from the perspective of quantum
information science [5], such as from perspective of quan-
tum entanglement [6, 7] and viewpoint of quantum fidelity
[8–10]. The advantage of studying quantum phase transi-
tions using concepts in quantum information science is that
no prior knowledge of the order parameter and the symme-
try of the system are required [10–35]. These works bridge
∗ Corresponding author: bbwei@szu.edu.cn
the quantum information theory and condensed matter physics
and shall deepen our understanding on the various condensed
matter phenomena.
The quantum fidelity approach to quantum phase transi-
tions possess a clearer physical picture[10]. It is generally be-
lieved that the ground state wave functions at two sides of the
critical point gc of a quantum many body system have qualita-
tively different structures and thus the overlap of two ground
states separated by a small distance δg in the parameter space,
i.e. |〈Ψ0(g)|Ψ0(g + δg)〉| presents a minimum at the critical
point gc. Because the structure of the ground state of a quan-
tum many body system experiences a significant change as the
system is driven adiabatically across the transition point, we
can also imagine that the leading term of the fidelity, i.e. the fi-
delity susceptibility which denotes the leading response of the
ground state to the driving parameter, should be a maximum
or even divergent at the transition point [11]. Quantum phase
transitions from perspective of the fidelity and fidelity sus-
ceptibility have been investigated in many different systems
[10–35] and it was shown that fidelity susceptibility providers
a simple approach to determining the universality of quantum
phase transitions [12–35].
In this work, we study the quantum phase transitions in
the Rabi model from the perspective of fidelity susceptibility.
Having only two constituent particles, the Rabi model is far
from being in the thermodynamic limit where a QPT typically
occurs; however, a ratio of the atomic transition frequency to
the cavity field frequency that approaches infinity, can play the
role of a thermodynamic limit. We investigated the universal
finite size scaling behavior of fidelity susceptibility and the
generalized adiabatic susceptibility in the Rabi model when
the ratio η between the frequency of the two level atom and
the frequency of the cavity field is finite. From the universal
scaling analysis of the fidelity susceptibility and the general-
ized adiabatic susceptibility in the Rabi model, we found that
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FIG. 1. (color online). Fidelity susceptibility, χF , in the Rabi model
as a function of control parameter g for different η which is the ratio
between the frequency of the two level atom and the frequency of the
cavity field. The black solid line is η = 300, the orange dashed line
is η = 400, the magenta dotted line is η = 500, the blue dash-dotted
line is η = 600 and the purple short dashed line is η = 700.
the adiabatic dimension of the fidelity susceptibility and the
generalized adiabatic susceptibility of fourth order in the Rabi
model are 4/3 and 2, respectively and the critical exponents
for the correlation length and the dynamical critical exponent
are respectively ν = 3/2 and z = 1/3. Because the simplicity
of the structure of the Rabi model where the ratio η plays the
role of particle number, our results for the universal finite size
scaling behavior of fidelity susceptibility in the Rabi model
could be verified experimentally.
This paper is structured as follows. In Sec. II, we review
briefly the quantum Rabi model and its quantum phase transi-
tions. In Sec. III, we introduce the concept of fidelity suscep-
tibility and the generalized adiabatic susceptibility in general
situations. Sec. IV is devoted to study the universal scaling be-
havior of the fidelity susceptibility in the quantum Rabi model
and in Sec. V, we investigate the scaling behavior of the gen-
eralized adiabatic susceptibility in the Rabi model. In Sec. VI,
we discuss the possible experimental detection of the fidelity
susceptibility and generalized adiabatic susceptibility. Finally
Sec. VII is a brief summary.
II. QUANTUM PHASE TRANSITIONS IN THE RABI
MODEL.
The Hamiltonian of the quantum Rabi model is
HRabi = ω0a†a +
Ω
2
σz − λ(a + a†)σx. (1)
Here σx and σz are Pauli matrices for a two-level atom and a
and a† are respectively the annihilation and creation operator
of a cavity field. The cavity field frequency is ω0 and the
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FIG. 2. (color online). The finite size scaling of the amplitude of
fidelity susceptibility at the peak position ln[χF(gm)] as a function of
ln(η). The blue hollow circle is the exact numerical result and the red
line is a linear fit of the numerical data. From the linear fit, we find
that the adiabatic dimension of the fidelity susceptibility, χF ∼ ηµ,
i.e. µ = 1.34.
transition frequency of the two level atom is Ω. The coupling
strength between the cavity field and the two level atom is
λ. Defining dimensionless parameters η = Ω/ω0 and g =
2λ/
√
Ωω0, the Rabi Hamiltonian can be rewritten as
HRabi/ω0 = a†a +
η
2
σz −
g
√
η
2
(a + a†)σx, (2)
≡ H0 + gH1. (3)
Recently it was shown that this Rabi model presents second
order quantum phase transition from a normal phase to a su-
perradiant phase at the critical point g = 1 in the η → ∞ [3].
For large but not infinite η, the ground state expectation values
and the energy spectrum exhibit a critical scaling in η at g = 1,
so-called finite-frequency scaling [3].
III. FIDELITY SUSCEPTIBILITY AND THE
GENERALIZED ADIABATIC SUSCEPTIBILITY
Let us consider a general many body system with Hamilto-
nian
H(g) = H0 + gH1, (4)
where H1 is the driven Hamiltonian which drives the quantum
phase transitions from one phase to the other with strength
g. The quantum fidelity of the ground state [8–10] is defined
as the overlap between two ground states |Ψ0(g)〉 and |Ψ0(g +
δg)〉,
F(g, δg) = |〈Ψ0(g)|Ψ0(g + δg)| . (5)
Because the ground state |Ψ0(g)〉 is qualitatively different in
two sides of a quantum critical point, the fidelity could char-
acterize quantum phase transitions by presenting a sharp dip
3near the critical point. It is clear that fidelity depends on two
parameters g and δg. The leading contributions to the fidelity
is the fidelity susceptibility [11], which is defined in the limit
of δg→ 0,
χF(g) = lim
δg→0
−2 ln F(g, δg)
(δg)2
. (6)
In terms of the eigen states of the Hamiltonian, the fidelity
susceptibility is given by [11]
χF(g) =
∑
n,0
|〈Ψn(g)|H1|Ψ0(g)|2
[En(g) − En(0)]2 . (7)
Here |Ψn(g)〉 is the eigen states of H(g) with corresponding
eigen energy En(g), i.e. H(g)|Ψn(g)〉 = En(g)|Ψn(g)〉.
Many works have been devoted to investigate the relation-
ship between fidelity susceptibility and quantum phase tran-
sitions [11–35]. It is shown that the finite size scaling of the
fidelity susceptibility in the neighborhood of a quantum criti-
cal point is [10]
χF(gm) ∝ Lµ, (8)
where L is the size of the system and µ is the critical adiabatic
dimension and gm is the position of the parameter where the
fidelity susceptibility is maximum. For finite size system, the
fidelity susceptibility presents scaling behavior as [18, 23]
χF(g) = L2/ν f ((g − gm)L1/ν). (9)
Here ν is the critical exponent of the correlation length and
f (x) is an unknown but universal function in the sense that it
is independent of the size of the system. Thus the investigation
of fidelity susceptibility provides a simple approach to deter-
mine the universality class of a quantum phase transitions by
extracting the universal critical exponents µ and ν [10].
Consider a time dependent fidelity F(t) = |〈Ψ(t)|Ψ0(t)〉|.
Here |Ψ0(t)〉 is the instantaneous ground state and |Ψ(t)〉 is
a time dependent state because of time-dependent driven.
When the tuning parameter g is time dependent, i.e. g(t) =
gc + btr/r!θ(t) with θ(t) being the step function and b is the
adiabatic parameter that controls the distance to the critical
point. Because the energy gap at the critical point of QPT gc
tends to zero when the size of the system extends to infinity, in
such a case it is impossible to pass through the critical point at
a finite speed b without exciting the system. The probability
of excitations is given by [36–38]
Pex = 1 − F(t)2 = b2χ2r+2(gc). (10)
Here
χ2r+2(g) =
∑
n,0
|〈Ψn(g)|H1|Ψ0(g)|2
[En(g) − En(0)]2r+2 , (11)
is the generalized adiabatic susceptibility of order 2r + 2 [36–
38]. The fidelity susceptibility is the generalized adiabatic
susceptibility with r = 0. For r = 1, we have the generalized
adiabatic susceptibility of order four, χ4. It is demonstrated
that the finite size scaling of the generalized adiabatic suscep-
tibility in the neighborhood of a quantum critical point is [38]
χ2r+2(gm) ∝ L2/ν+2zr, (12)
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FIG. 3. (color online). Data collapse of fidelity susceptibility in the
Rabi model shown in Figure 1. χF is a function of η1/ν(g − gm) only
with gm being the position of the maximum of the fidelity suscepti-
bility and ν = 1.49 being chosen so that data for different η collapse
perfectly.
where gm is the position of the parameter where the fidelity
susceptibility is maximum and the critical adiabatic dimen-
sion of the generalized adiabatic susceptibility of order 2r + 2
is 2/ν + 2zr with z being the dynamical critical exponent.
For finite size system, the generalized adiabatic susceptibil-
ity presents scaling behavior as [38]
χ2r+2(g) = L2/ν+2zr fr((g − gm)L1/ν). (13)
Here fr(x) is the universal scaling function of the general-
ized adiabatic susceptibility χ2r+2. Investigation of fidelity
susceptibility and the generalized fidelity susceptibility pro-
vide a simple approach to determine the universality class of a
quantum phase transitions by extracting the universal critical
exponents µ, ν, z [10].
IV. FIDELITY SUSCEPTIBILITY IN THE RABI MODEL
The Hamiltonian of the Rabi model can be numerically di-
agonalized when we truncate the Hilbert space by constrain-
ing the maximum number of photons N = a†a. Then the fi-
delity susceptibility can also be exactly evaluated by Equa-
tion (7). We try different number of photons in truncating the
Hilbert space until we get convergent result for the fidelity
susceptibility. We show the numerical exact results for the fi-
delity susceptibility in the Rabi model as a function of control
parameter g for different η = 300, 400, 500, 600, 700 respec-
tively in Figure 1. First of all, one can see that the fidelity sus-
ceptibility present a peak at g = gm around the critical point of
the Rabi model at gc = 1. Note that the position of parameter
where fidelity susceptibility is maximum is different from gc is
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FIG. 4. (color online). Generalized fidelity susceptibility, χ4, in the
Rabi model as a function of control parameter g for different η. The
black solid line is η = 300, the orange dashed line is η = 400, the
magenta dotted line is η = 500, the blue dash-dotted line is η = 600
and the purple short dashed line is η = 700.
a finite size effect. Second, when η increases, the peak struc-
ture in the fidelity susceptibility becomes sharper and higher
and the position of the control parameter gm where the fidelity
susceptibility is maximum approach to the quantum critical
point of the Rabi model gc = 1. Third, the ratio η between the
frequency of the two level atom and the frequency of the cav-
ity field plays the same role at that of the number of particles
in ordinary phase transitions.
We further study the adiabatic dimension of the fidelity sus-
ceptibility in the Rabi model in Figure 2. The blue hollow
circle is the numerical results of the peak value of the fidelity
susceptibility log(χF) for different η. We make a linear fit of
these data and find the straight line being, −0.27 + 1.34x (see
the red line in Figure 2). Thus the critical adiabatic dimension
of the fidelity susceptibility, χF ∼ ηµ, is µ = 1.34, which is
close to the exact result µ = 2/ν = 4/3 [3].
Figure 3 shows the data collapse of the fidelity suscepti-
bility in the Rabi model for different finite ratio η. Finite
size scaling shows that the fidelity susceptibility is a universal
function of η1/ν(g− gm) with gm being the position of the con-
trol parameter where the fidelity susceptibility is maximum.
The correlation length critical exponent ν is chosen in order
that the data for different η collapse perfectly and we found
that ν = 1.49, which agrees with the exact result of the corre-
lation length exponent ν = 3/2 of the Rabi model [3].
V. GENERALIZED ADIABATIC SUSCEPTIBILITY IN
THE RABI MODEL
We show the numerical exact results for the generalized
adiabatic susceptibility χ4 in the Rabi model as a function of
control parameter g for different η = 300, 400, 500, 600, 700
respectively in Figure 4. One can see that the generalized adi-
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FIG. 5. (color online). The finite size scaling of the amplitude of
generalized fidelity susceptibility χ4 at the peak position ln[χ4(gm)]
as a function of ln(η). The blue hollow circle is the exact numeri-
cal result and the red line comes from a linear fit of the numerical
data. From the linear fit, we find that the adiabatic dimension of the
generalized fidelity susceptibility, χ4 ∼ ηµ, i.e. µ = 2.01.
abatic susceptibility has a peak around the critical point of the
Rabi model at gc = 1. Secondly, when η increases, the peak
structure in the generalized adiabatic susceptibility becomes
sharper and higher and the position of the control parameter
gm where the generalized adiabatic susceptibility is maximum
is closer to the critical point gc = 1 of the Rabi model.
We further study the adiabatic dimension of the generalized
adiabatic susceptibility χ4 in the Rabi model in Figure 5. The
blue hollow circle is the numerical results of the peak of the
generalized adiabatic susceptibility log(χ4) for different η. We
make a linear fit of these data with the straight line being,
−1.05+2.01x (red line in Figure 5). Thus the critical adiabatic
dimension of the generalized adiabatic susceptibility, χ4 ∼ ηµ,
is µ = 2.01, which agrees with the exact results µ = 2/ν+2z =
2 [3]. From the adiabatic dimension of the generalized fidelity
susceptibility, we found that the dynamical critical exponent
in the critical point of the Rabi model is z ≈ 0.34, which is
close to the exact result z = 1/3 [3].
Figure 6 shows the data collapse of the generalized adia-
batic susceptibility in the Rabi model for different ratio η. Fi-
nite size scaling theory tells us that the generalized adiabatic
susceptibility is a universal function of η1/ν(g − gm) with gm
being the position of the control parameter where the gener-
alized adiabatic susceptibility is maximum. The correlation
length critical exponent ν is chosen in order that the data of
the generalized adiabatic susceptibility χ4 for different η col-
lapse perfectly and we found that ν = 1.49, which agrees with
the exact result of the correlation length exponent ν = 3/2 [3].
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FIG. 6. (color online). Data collapse of the generalized fidelity sus-
ceptibility χ4 in the Rabi model shown in Figure 4. χ4 is a function
of η1/ν(g − gm) only with gm being the position of the maximum of
the generalized fidelity susceptibility and ν = 1.49 being chosen so
that data for different η collapse perfectly.
VI. EXPERIMENTAL CONSIDERATION
The fidelity susceptibility and generalized adiabatic suscep-
tibility are important theoretically because they reveal the uni-
versality classes of quantum phase transitions with no knowl-
edge of the symmetry of the system is required. However,
how to detect the fidelity susceptibility and the generalized
adiabatic susceptibility experimentally? It was shown that the
fidelity susceptibility is related to the quantum noise spectrum
of the driven Hamiltonian [39]. Let us consider a generalized
Hamiltonian H = H0 + gH1 with g being the control param-
eter. The quantum noise spectrum of the driven Hamiltonian
H1 can be defined as
S Q(ω) =
∑
n,0
|〈Ψn|H1|Ψ0〉|2 δ(ω − En + E0), (14)
where |Ψn〉 is the eigen state of the Hamiltonian H(g) with the
corresponding eigen energy En, i.e. H|Ψn〉 = En|Ψn〉. Note
that the quantum noise only take into account the states which
are different from the ground state. With such a definition for
the quantum noise spectrum, the fidelity susceptibility can be
written as
χF =
∫ ∞
−∞
dω
S Q(ω)
ω2
. (15)
This means that the fidelity susceptibility is the minus second
moment of the quantum noise spectrum [39]. Similarly one
can show that the generalized adiabatic susceptibility χ2r+2 is
related to the quantum noise spectrum by
χ2r+2 =
∫ ∞
−∞
dω
S Q(ω)
ω2r+2
. (16)
It is well known that the quantum noise spectrum can be
experimentally measurable through the experiments in linear
response regime [40]. Thus the fidelity susceptibility and the
generalized adiabatic susceptibility could be experimentally
measurable. In particular the simple structure of the quantum
Rabi model pave the way for the experimental observation of
the universal scaling behavior of the fidelity susceptibility.
VII. SUMMARY
In summary, we have investigated the quantum phase tran-
sitions in a very simple system with finite degrees of free-
dom, the Rabi model, from fidelity susceptibility approach.
We found that the fidelity susceptibility and the generalized
adiabatic susceptibility present universal finite size scaling be-
haviors near the quantum critical point of the Rabi model if the
ratio η between frequency of the two level atom and frequency
of the cavity field is finite. From the finite size scaling analy-
sis of the fidelity susceptibility and the generalized adiabatic
susceptibility, we found that the adiabatic dimension of the fi-
delity susceptibility χF and the generalized adiabatic suscep-
tibility χ4 in the Rabi model are 4/3 and 2, respectively. Fur-
thermore the correlation length critical exponent and the dy-
namical critical exponent at the quantum critical point of Rabi
model are found to be 3/2 and 1/3 respectively. Since the fi-
delity susceptibility and the generalized adiabatic susceptibil-
ity are the moments of the quantum noise spectrum which is
directly measurable by experiments in linear response regime,
the scaling behavior of the fidelity susceptibility in the Rabi
model could be tested experimentally. The simple structure
of the quantum Rabi model provides a practical platform for
experimentally verifying the scaling behavior of the fidelity
susceptibility and the generalized adiabatic susceptibility at a
quantum phase transition.
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